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HOMOGENEOUS SPACE WITH NON VIRTUALLY 
ABELIAN DISCONTINUOUS GROUPS BUT WITHOUT 
ANY PROPER 5L(2,M)- ACTION 

TAKAYUKI OKUDA 


Abstract. In the study of discontinuous groups for non-Riemannian 
homogeneous spaces, the idea of “continuous analogue” gives a powerful 
method (T. Kobayashi [Math. Ann. 1989]). For example, a semisim¬ 
ple symmetric space G/H admits a discontinuous group which is not 
virtually abelian if and only if G/H admits a proper 5'Z/(2, R)-action 
(T. Okuda [J. Differential Geom. 2013]). However, the action of discrete 
subgroups is not always approximated by that of connected groups. In 
this paper, we show that the theorem cannot be extended to general 
homogeneous spaces G/H of reductive type. We give a counterexample 
in the case G = 5'Z/(5,R). 


1. Introduction and statement of main results. 

It is notorious in pseudo-Riemannian geometry that the action of isomet¬ 
ric discrete groups is not always properly discontinuous. A typical example is 
a homogeneous space G/H with G, H real reductive Lie groups where any 
discrete subgroup F of G acts isometry on G/H endowed with a pseudo- 
Riemannian metric by the Killing form, but F may not be a discontinuous 
group for G/H i.e. F may not act properly discontinuously on G/H. 

By T. Kobayashi [4], a homogeneous space G/H of reductive type admits 
an infinite discontinuous group if and only \i G/H admits a proper action 
of a one-dimensional non-compact closed subgroup of G. This idea of “con¬ 
tinuous analogue” was the key to the proof [4j of a necessary and sufficient 
condition for the CalabKMarkus phenomenon [2]. 

In [8l Theorem 1.3], by using Benoist’s criterion [T] and structure theory of 
semisimple symmetric spaces, we proved that a semisimple symmetric space 
G/H admits a non virtually abelian properly discontinuous group if and only 
if G/H admits a proper action of a three-dimensional simple subgroup L of 
G (i.e. L is either S'L(2,M) or P5'L(2,R)). In general, the latter condition 
(“continuous analogue”) implies the former because SL{2,M) contains non 
virtually abelian discrete subgroups. However, it was left open whether or 
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not the former condition (“discrete group”) implies the latter without the 
assumption that G/H is a semisimple symmetric space. 

Although important criteria for proper actions ([mills]) do not require 
that G/H is a symmetric space, we find that the expected equivalence does 
not hold for general non-symmetric spaces. Here is our main theorem: 

Theorem 1.1. There exists a 3 -dimensional split abelian subgroup H of 
SL{ 5 ,M.) satisfying the following: 

( 1 ) There exists a discrete subgroup F of SL{ 5 ,M.) such that F is not vir¬ 
tually abelian and the T-action on the homogeneous space SL{h,'R)/H 
is properly discontinuous. 

(2) For any Lie group homomorphism : SL{ 2 ,M) —)• 5L(5,M), the 
action of SL{ 2 ,M) on the homogeneous space SL{ 5 ,M)/H via $ is 
not proper. 

Actually, we can construct F in ([T|) of Theorem II.II as a Zariski dense free 
subgroup in SL{ 5 ,M.), by [U Section 7 ]. 

2. Criterion of proper actions 

In this section, we recall results of T. Kobayashi [ 4 ] and Y. Benoist [T] in 
a way that we shall need. 

Let G be a linear reductive Lie group, namely, G is a real form of a 
connected complex reductive Lie group Gc, and H a reductive subgroup 
of G. We denote by g and f) the Lie algebras of G and H, respectively. 
Let us take a maximally split abelian subspace a of g. Let W denote the 
Weyl group for the restricted root system S of (g,a). Then any maximally 
split abelian subspace of 1) can be transformed into a subspace of o by an 
inner-automorphism of g. We denote this subspace by Of,, which is uniquely 
determined up to the Weyl group W. An analogous notation will be applied 
to another reductive subgroup L of G. 

We fix a simple system H of the restricted root system S of (g, o). We 
write 0-1- for the closure of the dominant Weyl chamber, and wq for the 
longest element in W corresponding to the simple system H. Then the 
linear transformation x i-A —wq • a: on o leaves the closed Weyl chamber a+ 
invariant. We put 

b+ := { A E a+ I —wq ■ A = A}. 

Example 2.1. Let G = 5L(5,M), we can take a, a+ and as 

5 

ai,... ,05 € M, = 0 

i=l 

a+ = {diag(ai,..., 05) E a | oi > 02 > 03 > 04 > 05} , 
b+ = {diag(bi,62,0, -62,-61) E a+ | 61,62 E M, 61 > 62} , 

where the Weyl group W is isomorphic to the symmetric group 65 and acts 
on 0 as permutations of the coordinates ai,..., 05. 


a = < diag(ai,... ,05) 
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A continuous action of a locally compact group G on a locally compact 
topological space X is called proper if{5 (EG|(j(S'nS'7 ^0 }is compact for 
any compact subset S of X. It is properly discontinuous if L is discrete. 

The next criterion is proved by T. Kobayashi in [4]: 

Fact 2.2 (gl Theorem 4.1]). Let H, L he reductive subgroups of a linear 
reductive Lie group G. Then the following two conditions on (G, H, L) are 
equivalent 

(1) The L-action on G/H is proper. 

(2) Of, n IT • a( / {0}. 

Let (/> be a Lie algebra homomorphism f : s[(2,M) —g. We denote by 
the adjoint orbit through cf in g. Then it is known that 

and a+ meet at one point. 

Definition 2.3. For a Lie algebra homomorphism (p : s[(2,M) —g, we 
denote by the unique element in a+ n . 

The next fact for the proper actions of SL(2, M) follows from Fact 12.21 

Fact 2.4 (Corollary to Fact 12.2() . Let G be a linear reductive Lie group, H a 
reductive subgroup of G, and 4> : S'L(2,M) G a Lie group homomorphism. 

We denote by p : s[(2,]R) —>• g the differential o/4>, and take the element 
in 0 + described above. Then the following conditions on are equivalent: 

(1) The SL[2, MLj-action on G/H via is proper. 

(2) The element A^ is not in IT • at,. 

Let us denote by Hom(s[(2,R), g) the set of all Lie algebra homomor- 
phisms fromsl(2, R) to g. By Fact (231 if the subset { | (/> G Hom(sl(2, R), g) } 

of a+ is contained in IT • Ofj, then for any Lie group homomorphism <h : 
S'L(2,R) —)• G, the 5L(2, R)-action on G/H via <I> is not proper. 

Remark 2.5. Let us define an equivalent relation on Hom(sI(2, R), g) by 
p ^ p' if there exists I G 5L(2,R) and g G G such that p' = Adg(5) o p o 
Ad5((2,R)(0- Then we have a natural surjection from Hom(s[(2,R),g)/~ to 
the set {Afj, \ p G Hom(sI(2, R), g) }. ITe remark that the map may not 
he injective {See [U Chapter 9] for more details). However, by combining 
[U Proposition 4.5 {Hi)] with the Jacobson-Morozov theorem and results of 
Kostant [ 6 ] and Malcev [7j, we see that there exists a bijection below: 

{A^ \ p G Hom(s[(2, R), g) } 

■G^ {Complex nilpotent orbits O in gc such that 0 n g / 0}. 

The next fact for the existence of properly discontinuous actions of a non 
virtually abelian discrete group is proved by Y. Benoist in [T]: 

Fact 2.6 ([U Theorem 1.1]). Let G be a linear reductive Lie group, H a 
reductive subgroup ofG. The following conditions on {G,H) are equivalent: 
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(1) There exists a non virtually abelian discrete subgroup T of G such 
that the T-action on G/H is properly discontinuous. 

(2) VF-at,. 


3. An example of 5L(5,]R)-spaces 

Let G = SL(5,M) and take a, a+ and b+ as in Example 12.11 We write 
( , ) for the inner product on a induced by the Killing form on g. That is, 
we put 

5 

(diag(ai,..., 05 ), diag(ai,..., 4 )) := ^ a, • a' G M 

i=l 

for each diag(ai,..., 05 ), diag( 4 ,..., 4 ) G 0 . 

We define a 3-dimensional abelian subalgebra 1) by 

t) := { diag(ai,..., 05 ) G a | 601 + 602 + 03 — 4 a 4 — Das = 0 } C a. 

In other wards, 1) is the orthogonal complement subspace of a for diag( 6 , 6 ,1, —4, 
Then 

H := expf) C 5L(5,M) 

is a split abelian subgroup of SL{5,M.) with H ~ In this case, we take 
Uf, as 1^ itself (see for the notation in Section [2]) . By using Fact 12.41 and Fact 
12.61 we can reduce the proof of Theorem 11.11 to the following two lemmas: 


Lemma 3.1. b+ ^ IF • aj,. 

Lemma 3.2. For any Lie algebra homomorphism (p ■ sl(2,M) —?• s[(5,M), 
the element (see Definition \2.3[ for the notation) is in W ■ at^. 

First, we shall show Lemma l3.II as follows: 


Proof of Lemma \3.1\ Let us take ri, r 2 G M with ri > r 2 > 0 such that ri 
and r 2 are linearly independent over Z. For example, we can take (ri,r 2 ) = 
(■\/2, !)• We shall prove that the element diag(ri, r 2 , 0, —r 2 , —n) of b+ is 
not in IT • Of,. If 

(diag(ri, r 2 , 0 , -r 2 , -ri), diag(ai, 02 , 03 , 04 , as)) = 0 

for some ai,..., as G Z, then we have ai = 05 and 02 = a 4 since ri and r 2 
are linearly independent over Z. Hence 

(diag(ri, r 2 ,0, -r 2 , -n), cr diag( 6 , 6 ,1, -4, -9)) / 0 

for any a G ©s = W. Therefore, we obtain that 


diag(ri,r2,0,-r 2 ,-ri) 0 IF • at,. 


□ 


To describe the proof of Lemma 13.21 we use the next fact for the set 
{ I ()) G Hom(s[(2,M),5[(5,M)) }, where Hom(s[(2, M),s[(5, M)) is the set 
of all Lie algebra homomorphisms from s[(2,M) to s[(5,M): 
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Table 1. The list of elements in { A ^ \ cj ) £ Hom(s[(2,M),s[(5,M)) } 


Partition of 5 

A^ 

[5] 

diag(4,2,0,-2,-4) 

[4,1] 

diag(3,1,0,-1,-3) 

[3,2] 

diag(2,1,0,-1,-2) 

[3,1^1 

diag(2,0,0,0,-2) 

[2M] 

diag(l, 1,0,-1,-1) 

[2,13] 

diag(l, 0,0,0,-1) 

IP] 

diag(0,0,0,0,0) 


Fact 3.3. The set{A(j, \ 4> £ Hom(sl(2,M),s[(5,M)) } (see Definition \2A\ for 
the notation) is parametrised by partitions of 5 as in Table [3 

Fact 13.31 can be obtained by combining O Chapter 3.6] with [3l Theorem 
9.3.3 and remarks after Theorem 9.3.5]. 

Proof of Lemma HOI By Fact 13.31 we can observe that A^ can be written by 
a scalar multiple of diag(3,1, 0, —1, —3), diag(2,1, 0, —1, —2), diag(l, 1,0, —1, — 
or diag(l, 0,0, 0, —1) for any f £ Hom(s[(2,]R),5[(5,M)). Here, we compute 
the inner-products that 

(diag(3,1, 0, -1, -3), diag(6, -9, -4, 6,1)) = 0, 

(diag(2,1, 0, -1, -2), diag(6, -4, -9, 6,1)) = 0, 

(diag(l, 1,0, -1, -1), diag(6, -9, 6, -4,1)) = 0, 

(diag(l, 0,0,0, -1), diag(6, -9, -4,1,6)) = 0. 

This means that these are in fF • at,. This completes the proof. □ 

Then we complete the proof of Theorem 11.11 

Remark 3.4. For semisimple symmetric pairs (g, f}), the subset o+nAd(G)(pn 
f}) of a is a convex cone (see [SI Lemma 4.9] and its proof). This was one 
of key lemmas for the proof of the main results for symmetric spaces in [8] , 
however, owing to Theorem \1.1[ we see that an analogous statement to [U 
Lemma 4.9] does not hold for the above non-symmetric pair (G,H). 

Final remark. For a semisimple symmetric space G/H, it was also 
proved in |8] that G/H admits a discontinuous group F which is isomorphic 
to a surface group (i.e. the fundamental group of a closed Riemann surface 
of genus g>2) A and only if G/H admits a proper action of S'L(2,M). I do 
not know if such a statement holds in general when G/H is non-symmetric. 
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